Equidistribution of non-pluripolar products associated with
  quasi-plurisubharmonic functions of finite energy by Ahn, Taeyong & Nguyen, Ngoc Cuong
ar
X
iv
:1
81
1.
03
01
7v
1 
 [m
ath
.D
S]
  7
 N
ov
 20
18
EQUIDISTRIBUTION OF NON-PLURIPOLAR PRODUCTS
ASSOCIATED WITH QUASI-PLURISUBHARMONIC
FUNCTIONS OF FINITE ENERGY
TAEYONG AHN AND NGOC CUONG NGUYEN
Abstract. In this article, we consider currents given by the p-fold non-
pluripolar product associated with a quasi-plurisubharmonic function
of finite energy, and prove that normalized pull-backs of such currents
converge to the Green (p, p)-current exponentially fast in the sense of
currents for holomorphic endomorphisms of Pk.
1. Introduction
In this article, we consider a holomorphic endomorphism f : Pk −→ Pk of
algebraic degree λ ≥ 2. Let ω denote the Fubini-Study form of Pk normalized
so that
∫
Pk
ωk = 1 and T the Green current associated with f . Let Cp denote
the set of positive closed (p, p)-currents of unit mass on Pk.
In the literature of the equidistribution of the inverse images of analytic
subsets or more generally that of positive closed currents for holomorphic
endomorphisms of Pk, the Lelong number has played a crucial rule. More
precisely, for S ∈ Cp, we are interested in when the normalized pull-backs
Sn := λ
−pn(fn)∗S of S converge to the Green (p, p)-current T p associated
with f . In the case of bidegree (1, 1), if the Lelong number of S vanishes
on Pk, then we have the desired convergence. (e.g. [6], [4]) This property is
not known for p > 1. So, our primary question to study is the following:
Question 1.1. Assume that a current S ∈ Cp has zero Lelong number on
P
k. Then, can we show that
λ−pn(fn)∗S → T p
exponentially fast in the sense of currents?
In the case of 1 < p < k, it is not clear whether the theory of super-
potentials works well with the Lelong number. So, we will rather return to
use the pluripotential theory and related results. For u ∈ E1(Pk, ω), the p-
fold non-pluripolar product 〈ωpu〉 of ωu := ω+ dd
cu has zero Lelong number
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everywhere on Pk. We refer the reader to Section 2 for the definitions of
E1(Pk, ω) and the p-fold non-pluripolar product. In this aspect, it is natural
to study the equidistribution of non-pluripolar products.
The main purpose of this article is to investigate Question 1.1 by proving
the following theorem as a model case.
Theorem 1.1. Let u ∈ E1(Pk, ω). Then, we have for 1 ≤ p ≤ k,
λ−pn(fn)∗ 〈ωpu〉 → T
p
exponentially fast in the sense of currents, where ωu := ω + dd
cu and
〈ωpu〉 = 〈ωu ∧ · · · ∧ ωu〉
is the p-fold non-pluripolar product of ωu.
In [1], the first author studied currents in Cp admitting super-potentials
bounded near an invariant analytic subset for f . In general, the currents
in Theorem 1.1 do not admit bounded super-potentials near the set. (cf.
Proposition 2.4) In particular, the currents in Theorem 1.1 may not have
bounded/continuous/Ho¨lder continuous super-potentials.
The key point in the proof is that positive closed (1, 1)-currents with
Ho¨lder continuous quasi-potentials and smooth quasi-potentials do not differ
much for our estimate. More precisely, we need an estimate of the form
∫
Pk
u ◦ fn(fn)∗〈ωp−1u 〉 ∧ ω
k−p+1 < C ′.
for some constant C ′ > 0 independent of n. For this, from the invariance of
the Green current, we first get an estimate of the form
∫
Pk
u ◦ fn(fn)∗〈ωp−1u 〉 ∧ T
k−p+1 < C
for some constant C > 0 independent of n and next, we get the desired esti-
mate from the E1 condition and the Ho¨lder continuity of the quasi-potential
G of T . (See Lemma 3.3 and Corollary 3.5)
It is also possible to prove the theorem by estimating the volume of sub-
level sets of quasi-plurisubharmonic functions as in the case of bidegree
(1, 1). In this case, the integrability condition plays the role of the Lelong
number vanishing condition. For the simplicity of the presentation, we do
not include it here.
Our method does not rely on specific properties of Pk and may be used
in more general compact Ka¨hler manifold settings.
EQUIDISTRIBUTION OF NON-PLURIPOLAR PRODUCTS 3
2. Preliminaries
An upper semicontinuous function u ∈ L1(Pk) is said to be ω-pluri-
subharmonic (ω-psh) if the current defined by ωu := ω + dd
cu is positive.
We denote by PSH(Pk, ω) the set of ω-psh functions on Pk.
Note that for any positive closed (1, 1)-current S of unit mass (equiva-
lently, cohomologous to ω) on Pk, there exists a ψ ∈ PSH(Pk, ω) such that
S = ω+ ddcψ and that the pull-back operator f∗ is well defined for positive
closed currents. So, we can write
1
λ
f∗ω = ω + ddcϕ,
for some ϕ ∈ PSH(Pk, ω). By adding a constant, we can normalize ϕ in such
a way that supPk ϕ = 0. It is well-known that
lim
N→+∞
N∑
i=0
1
λi
ϕ ◦ f i → G
uniformly to a Ho¨lder continuous G ∈ PSH(Pk, ω), where f i = f ◦ · · · ◦ f
means the i-th iterate of f . Observe that G ≤ 0. The Green current T is
defined by
T = ωG = ω + dd
cG
and satisfies f∗T = λT .
Now, we briefly recall the notion of non-pluripolar product. Given ψ ∈
PSH(Pk, ω), let ψj := max{ψ,−j} ∈ PSH(P
k, ω). Define a measure by
µψ := lim
j→+∞
1{ψ>−j}(ω + dd
cψj)
k.
The following class was introduced in Section 1 in [7].
E(Pk, ω) =
{
ψ ∈ PSH(Pk, ω) : µψ(P
k) =
∫
Pk
ωk
}
.
Equivalently, one can define ψ ∈ E(Pk, ω) if and only if (ω + ddcψj)
k({ψ ≤
−j}) → 0 as j → ∞. In this paper, for a technical reason, we consider the
following subclass:
E1(Pk, ω) := {ψ ∈ L1(〈ωkψ〉)} ∩ E(P
k, ω).
For ψ ∈ PSH(Pk, ω), the p-fold non-pluripolar product denoted by 〈ωpψ〉 is
defined to be
〈〈ωpψ〉, R〉 = limj→∞
〈ωpψj , R〉
for a smooth test form R of bidegree (k−p, k−p). Here, since ψj is bounded,
ωpψj is well defined in the sense of Bedford-Taylor. In particular, if the quasi-
potential ψ is bounded, then the non-pluripolar product coincides with the
wedge product in the sense of Bedford-Taylor.
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We will need the following properties of the class E(Pk, ω) introduced by
Guedj-Zeriahi [7, Theorem 2.6, Propostion 2.10] which generalised Cegrell’s
works in the local setting.
Theorem 2.1. Let ψ ∈ E(Pk, ω) and ψj := max{ψ,−j} be the canonical
approximation of ψ. Then, for all Borel sets B ⊆ Pk,
1B(−|ψj |)(ω + dd
cψj)
k → 1B(−|ψ|)(ω + dd
cψ)k
in the weak sense of measures.
Theorem 2.2. There exist a universal constant C > 0 such that for all
0 ≥ ψ0, ..., ψk ⊂ PSH(P
k, ω) ∩ L∞(Pk),
0 ≤
∫
Pk
(−ψ0)ωψ1 ∧ · · · ∧ ωψk ≤ C max
0≤j≤k
(∫
X
(−ψj)ω
k
ψj
)
We show that the non-pluripolar product operator commutes with the
pull-back operator f∗.
Lemma 2.3. We have for 1 ≤ p ≤ k,
f∗ 〈ωpu〉 = 〈(f
∗ω + ddcu ◦ f)p〉 .
Proof. Since f is an endomorphism of Pk, f∗ω+ ddcu ◦ f is a closed positive
(1, 1)-current. Hence, it follows from Boucksom-Eyssidieux-Guedj-Zeriahi
[2] that the left hand side is a well-defined closed positive (p, p)-current. By
Dinh-Sibony [3], the pull-back operator is continuous:
f∗ 〈ωpu〉 = lim
L→+∞
f∗(ω + ddcmax{u,−L})p
= lim
L→+∞
(f∗(ω + ddcmax{u,−L})p
= lim
L→+∞
(f∗ω + ddcmax{u ◦ f,−L})p
Thus, we have finished the proof. 
In general, the non-pluripolar products do not admit bounded super-
potentials. More precise statement is as follows.
Proposition 2.4. For any analytic subset H ⊆ Pk of pure codimension
1 < l < k, there exists a ϕ ∈ E1(Pk, ω) such that the super-potentials of
〈ωk−l+1ϕ 〉 have as their value −∞ at [H].
Proof. Due to Chow’s theorem, let H = ∩ji=1{gi = 0} for some homogeneous
polynomials gi of degree di. Let D := d1 · · · dj . Let h be the ω-psh function
defined by
h :=
1
D
log
∣∣∣∣∣
∑j
i=1 |gi|
D/di
‖z‖D
∣∣∣∣∣ ∈ PSH(Pk, ω).
By subtracting a constant, we may assume that h ≤ −1. Due to Example
2.14 in [7] and Theorem 2.2, one can find a very small s > 0 such that
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ϕ := −(−h)s satisfies that its complex Monge-Ampe`re operator 〈ωkϕ〉 is well
defined and ϕ ∈ L1(〈ωkϕ〉). Also, for every 1 ≤ i ≤ k, 〈ω
i
ϕ〉 is well defined.
In the proof, we consider super-potentials of mean 0. Note that the super-
potentials on Pk are everywhere well defined once we admit −∞ as its value.
We consider 〈ωk−l+1ϕ 〉. Due to the continuity of super-potentials on P
k with
respect to the averaging, we have
(2.1) U〈ωk−l+1ϕ 〉([H]) = limθ→0
U〈ωk−l+1ϕ 〉([H]θ)
where [H]θ is the regularization of [H] by averaging in Section 2 in [5]. For
the above limit, see Corollary 3.17 in [5]. Since [H]θ is smooth, one can
write
(2.2) U〈ωk−l+1ϕ 〉([H]θ) = 〈ϕ
k−l∑
i=0
ωi ∧ 〈ωk−l−iϕ 〉, [H]θ〉+ c
where c > 0 is a constant independent of θ. LetM > 0 be an arbitrary large
positive number. Then, for all sufficiently small θ > 0, we have supp[H]θ ⊆
{ϕ < −M}. Then, since the mass of each ωi ∧ 〈ωk−l−iϕ 〉 ∧ [H]θ is 1, we have
(2.3) U〈ωk−l+1ϕ 〉([H]) = limθ→0
U〈ωk−l+1ϕ 〉([H]θ) < −(k − l + 1)M + c.
Since this is true for arbitrary M > 0, the super-potential of 〈ωk−l+1ϕ 〉 of
mean 0 is −∞ at [H]. 
3. Proof of Theorem 1.1
In this section we will prove Theorem 1.1. More precisely, we are going
to prove that for a smooth test form ψ of bidegree (k−p, k−p), there exists
a constant C > 0 independent of ψ and n such that∫
Pk
(
λ−pn(fn)∗ 〈ωpu〉 − T
p
)
∧ ψ ≤ C‖ψ‖C2λ
−n
2k .
Using properties of the non-pluripolar product we have∫
Pk
(
λ−pn(fn)∗ 〈ωpu〉 − T
p
)
∧ ψ
= lim
L→+∞
∫
Pk
[
λ−pn(fn)∗(ω + ddcmax{u,−L})p − T p
]
∧ ψ.
Therefore, we may assume that u is bounded and prove a uniform estimate
with respect to ‖u‖∞ of the integral on the right hand side.
Now we make preparations to achieve the goal. Let u ∈ PSH(Pk, ω) and
bounded such that supPk u = 0. Denote
u˜ := u−G− sup
Pk
(u−G).
It follows from the continuity of the Green quasi-potential G that for some
C0 > 0, we have
u− C0 < u˜ < u+ C0.
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We also have
(3.1)
1
λ
f∗ωu =
1
λ
f∗ω +
1
λ
ddcu ◦ f
= T +
1
λ
ddcu˜ ◦ f.
Inductively, using the fact that (1/λ)f∗T = T ,
1
λn
(fn)∗ωu = T +
1
λn
ddcu˜ ◦ fn.
For simplicity we write
vn := u˜ ◦ f
n, Sn :=
1
λn
(fn)∗ωu.
Notice that from our running assumption, vn is also bounded. The following
proposition is the key estimate.
Proposition 3.1. Let 1 ≤ i ≤ p. Then, there exists a uniform constant
C > 0 such that∫
Pk
(−vn)
λn
· Si−1n ∧ T
p−i ∧ ωk−p+1 ≤ C
(
1
λn
) 1
2k−p+1
for every n ≥ 1.
We first prove several lemmas.
Lemma 3.2. We have for 0 ≤ i ≤ p− 1∫
Pk
dG ∧ dcG ∧ Sin ∧ T
p−i−1 ∧ ωk−p ≤ ‖G‖∞,
where ‖ · ‖∞ := supX | · | denotes the uniform norm.
Proof. Set
Z := Sin ∧ T
p−i−1 ∧ ωk−p.
Then, by integration by parts,∫
Pk
dG ∧ dcG ∧ Z =
∫
Pk
−GddcG ∧ Z
=
∫
Pk
−G Z ∧ T +
∫
Pk
G Z ∧ ω
Since G ≤ 0 and it is Ho¨lder continuous on X, we have∫
Pk
dG ∧ dcG ∧ Z ≤ ‖G‖∞
∫
Pk
Z ∧ T
= ‖G‖∞
∫
Pk
ωk.
The last equality follows from a cohomological argument. We complete the
proof. 
We will use the following result inductively to get the proposition.
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Lemma 3.3. We have for 0 ≤ i ≤ p− 1,∫
Pk
(−vn)
λn
Sin ∧ T
p−i−1 ∧ ωk−p+1
≤
∫
Pk
(−vn)
λn
∧ Sin ∧ T
p−i ∧ ωk−p
+ ‖G‖1/2∞
(∫
Pk
(−vn)
λn
Si+1n ∧ T
p−i−1 ∧ ωk−p
) 1
2
.
Proof. As previously, we set Z := Sin ∧ T
p−i−1 ∧ ωk−p. Then,
(3.2)
∫
Pk
(−vn)Z ∧ ω =
∫
Pk
(−vn)T ∧ Z +
∫
X
vndd
cG ∧ Z.
The second term of the right hand side, by integration by parts and Cauchy-
Schwarz’s inequality, is estimated as follows:
(3.3)
∣∣∣∣
∫
Pk
vndd
cG ∧ Z
∣∣∣∣ =
∣∣∣∣
∫
Pk
dvn ∧ d
cG ∧ Z
∣∣∣∣
≤
(∫
Pk
dvn ∧ d
cvn ∧ Z
)1
2
(∫
Pk
dG ∧ dcG ∧ Z
)1
2
=
(∫
Pk
(−vn)dd
cvn ∧ Z
) 1
2
(∫
Pk
dG ∧ dcG ∧ Z
) 1
2
.
Lemma 3.2 implies that the last factor on the right hand side is bound by
‖G‖
1/2
∞ . We now focus on the first integral on the right hand side. From
(3.1), we have
(3.4)
∫
Pk
(−vn)dd
cvn ∧ Z =
∫
Pk
(−vn)(f
n)∗ωu ∧ Z +
∫
Pk
vn(f
n)∗T ∧ Z.
Recall that vn = u˜ ◦ f
n ≤ 0. We conclude that
(3.5)
∫
Pk
(−vn)dd
cvn ∧ Z ≤
∫
Pk
(−vn) · (f
n)∗ωu ∧ Z.
Combining (3.2), (3.3), (3.4) and (3.5) we have∫
Pk
(−vn)Z ∧ ω ≤
∫
Pk
(−vn)T ∧ Z
+ ‖G‖1/2∞
(∫
Pk
(−vn)(f
n)∗ωu ∧ Z
) 1
2
.
Dividing both sides of the inequality by λn, we get the desired inequality. 
For notational convenience, we write
F (α, β, γ) :=
∫
Pk
(−vn)
λn
Sαn ∧ T
β ∧ ωγ .
From the invariance of T , we have the following proposition.
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Proposition 3.4. For a positive Radon measure µ on Pk, we have
(3.6)
∫
Pk
f∗(dµ) = λk
∫
Pk
dµ.
In particular, there is a constant C1 > 0 independent of n such that for
every 1 ≤ i ≤ p− 1 and 0 ≤ j ≤ k − p+ 1,
F (i+ j, k − i− j, 0) =
1
λn
∫
Pk
(−u˜)ωi+ju ∧ T
k−i−j ≤
C1
λn
Proof. The first assertion is well known. Since f∗T = dT , we can write∫
Pk
(−vn)
λn
Si+jn ∧ T
k−i−j
=
∫
Pk
−u˜ ◦ fn
λn
(
1
λn
(fn)∗ωu
)i+j
∧ T k−i−j
=
∫
Pk
(fn)∗(−u˜)
λn
(
1
λn
(fn)∗ωu
)i+j
∧
(
1
λn
(fn)∗T
)k−i−j
=
1
λn
∫
Pk
(−u˜)ωi+ju ∧ T
k−i−j,
where we used (3.6) for the third equality. Furthermore, using the fact that
u ∈ E1(Pk, ω) and Theorem 2.2 we get that the last integral on the right
hand side is bounded by
C1 := Cmax
(∫
Pk
(−u˜)ωku,
∫
Pk
(−G)T k
)
.
for some C > 0. Therefore,
F (i+ j, k − i− j, 0) ≤
C1
λn
.
Thus, we are done. 
We use Lemma 3.3 to estimate the integral of the form F with γ = k−p+1
in terms of F ’s with γ = 0.
Corollary 3.5. There exists a constant C > 0 such that for every 1 ≤ i ≤
p− 1 and 0 ≤ j ≤ k − p+ 1,
F (i, p − i− 1, k − p+ 1) ≤ C
k−p+1∑
j=0
[F (i+ j, k − i− j, 0)]
1
2j .
Proof. Lemma 3.3 gives us that
F (i, p−i−1, k−p+1) ≤ F (i, p−i, k−p)+‖G‖1/2∞ [F (i+ 1, p − i− 1, k − p)]
1
2 .
Observe that the third argument γ in F (α, β, γ) decreases by 1. Repeating
this until γ becomes 0, we finally arrive at
F (i, p − i− 1, k − p+ 1) ≤ C
k−p+1∑
j=0
[F (i+ j, k − i− j, 0)]
1
2j
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for some C > 0. Thus, we have finished the proof. 
Now, we are ready to conclude the proposition and the theorem.
Proof of Proposition 3.1. By Proposition 3.4 and Corollary 3.5, for some
uniform constants C > 0 and C ′ > 0, we have
F (i, p − i− 1, k − p+ 1) ≤ C
k−p+1∑
j=0
(
1
λn
) 1
2j
≤ C ′
(
1
λn
) 1
2k−p+1
.
This is what we are after. 
End of proof of Theorem 1.1. Let ψ be a smooth of bidegree (k − p, k − p).
We need to show that∫
Pk
[
λ−pn(fn)∗ωpu − T
p
]
∧ ψ ≤ C ′‖ψ‖C2λ
−n
2k
for an uniform constant C ′ > 0 independent of ‖u‖∞. Recall that we are
assuming that u is bounded. Telescoping series yields
∫
Pk
[
λ−pn(fn)∗ωpu − T
p
]
∧ ψ =
1
λn
∫
Pk
p−1∑
i=1
ddcvn ∧ S
i ∧ T p−i ∧ ψ
We have by integration by parts,
1
λn
∫
Pk
p−1∑
i=0
ddcvn ∧ S
i ∧ T p−i−1 ∧ ψ =
∫
Pk
vn
λn
p−1∑
i=0
Si ∧ T p−i−1 ∧ ddcψ.
Since ddcψ is a smooth (k−p+1, k−p+1)-form. There is a positive constant
C2 > 0 such that
− C2‖ψ‖C2ω
k−p+1 ≤ ddcψ ≤ C2‖ψ‖C2ω
k−p+1.
Therefore, from the negativity of vn, we have
0 ≥
∫
Pk
vn
λn
p−1∑
i=1
Si ∧ T p−i ∧ ddcψ
≥ 2C2‖ψ‖C2
∫
Pk
vn
λn
p−1∑
i=0
Si ∧ T p−i−1 ∧ ωk−p+1
It follows from Propostion 3.1 that the last integral is bound from below by
− 2CC2‖ψ‖C2
(
1
λn
) 1
2k−p+1
where the constant C > 0 is from Proposition 3.1. So, we have finished the
proof of the theorem. 
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